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Mean. The mean is the sum of all observations divided by the number of observations. We denote population means as  , where  would be the population mean for X and  the population mean for Y. 
The sample means are denoted using the variables and a bar. In this case, if we assume that the data is drawn form a sample, we calculate the sample means as: 



Variance. Variance measures the average squared deviation from the mean. Variance measures the degree of dispersion or spread of a set of observations around their mean. It tells us how far, on average, the data values are from the mean. Small variance implies data points are clustered closely around the mean, while large variance means they are widely spread out from the mean.


Population variance 
Var(X),   
Var(Y),  =  


Sample variance

Var(X),  

Calculate for Y

Standard deviation. Standard deviation is the square root of variance.
It measures dispersion in the original units of the variable. 
Population standard deviation
=;

=;
Sample standard deviation
=
Calculate for Y

2.0 MEASURING RELATIONSHIPS BETWEEN VARIABLES
A relationship between two variables simply means that the variables are connected or associated in some way. There are two main approaches used to measure and analyze relationships between variables:
· Correlation analysis
· Regression Analysis
2.1 Covariance: The foundation of correlation
Before introducing correlation, it is important to understand covariance, which provides the basis for measuring linear association.
Covariance measures the direction of association or relationship between two random variables and is denoted as Cov(X,Y). It indicates whether the variables move together and how they co-vary.
We can measure population covariance and sample covariance. 

Population covariance describes the relationship between two variables in an entire population and is donated by .


or equivalently,

Where:
· and are the population means
· 
· 
· is the population size

Sample covariance describes the relationship between two variables in a given sample. 

Where:
· and are sample means
· is the sample size
The denominator is used to obtain an unbiased estimator of the population covariance.
Interpretation of Covariance
The sign of covariance indicates the nature of the relationship:
· Positive covariance (Cov > 0): Variables move in the same direction.
When increases, tends to increase.
· Negative covariance (Cov < 0): Variables move in opposite directions.
When increases, tends to decrease.
· Zero covariance (Cov = 0):
No linear relationship exists between the variables.
If and are independent, then:


However, covariance has a limitation:
Covariance measures direction but: 
(i) It does not tell the strength of correlation 
(ii) It is influenced by units of measurement of the variables. 


In the example above
Effect of Units on Covariance
If income is measured in shillings, covariance may be very large.
If income is measured in thousands of shillings, covariance becomes much smaller.
This change in magnitude occurs even though the relationship between variables has not changed, illustrating the weakness of covariance.
This limitation leads to the development of the correlation coefficient, which standardizes covariance.

2.2 Correlation Analysis
Correlation analysis measures the strength and direction of the association between two variables or more variables. When the relationship involves only two variables, it is referred to as simple correlation. However, when more than two variables are involved, it is called multiple correlation.
Correlation may be positive, negative or zero.
Positive correlation is when two variables tend to move together in the same direction e.g. Price and quantity supplied, costs and quantity produced, fuel consumption and distance covered in transport, money supply and inflation, student’s performance and class attendance, growth and investment, money demand and income, traffic jam and rain in Kampala, hours of work and earnings, income and consumption, sales and advertisement expenditure etc.
Negative correlation is when two variables tend to move in opposite directions e.g. price and quantity demanded, investment and interest rate, money demand and interest rate, inflation and unemployment, long run growth and inflation, savings and expenditure, height above sea level and temperature etc.
Correlation can be linear or non-linear. 
Linear correlation between two variables, X & Y exists when all points on a scatter plot of Y against X tend to cluster around a straight line. 
Non-linear correlation between two variables, X & Y exists when all points on a scatter of Y against X tend to cluster around a curve. Non-linear Correlation is also known as curvilinear correlation.
Illustrations
[image: ]2.2.1 Measuring Linear Correlation 
The Karl Pearson’s Correlation Coefficient.
Linear correlation measures a linear relationship between variables. A linear relationship is a relationship between two variables in which one variable changes at a constant rate as the other variable increases or decreases.
To measure linear correlation, we use the Pearson’s correlation coefficient. This coefficient is a statistical measure that quantifies both the direction and strength of the linear relationship between two variables. It is also used when the variables under study are quantitatively measured and continuous in nature.
· The population correlation coefficient is denoted by ρ (rho).
· The sample correlation coefficient is denoted by r.

Formula for Pearson’s Correlation Coefficient

Population correlation: 

This can also be written as: 


Sample correlation: 

It can also be expressed as:





Where:
· = covariance between X and Y
· , = population standard deviations
· , = sample standard deviations

Substituting values:



Range of  or 
The correlation coefficient ranges between -1 and +1. That is:
For a population:

For a sample:


Interpretation of the Correlation Coefficient
The sign of indicates direction.
· → Positive relationship
· → Negative relationship
Specifically:
· r = +1 → Perfect positive linear relationship- positively correlated
· r = –1 → Perfect negative linear relationship- negatively correlated
· r = 0 → No linear relationship
· 0 < r < 1 → Positive linear relationship
· –1 < r < 0 → Negative linear relationship

Interpretation of the strength
There is no universally accepted standard for interpreting the strength of correlation in economics. However, the following guidelines are commonly used:
· |r| < 0.20 → Very weak or negligible relationship
· 0.20 ≤ |r| < 0.40 → Weak relationship
· 0.40 ≤ |r| < 0.60 → Moderate relationship
· 0.60 ≤ |r| < 0.80 → Strong relationship
· |r| ≥ 0.80 → Very strong relationship
· r = ±1 → Perfect linear relationship
· r = 0 → No linear relationship
· The closer the value is to ±1, the stronger the linear relationship.
· The closer the value is to 0, the weaker the linear relationship.

Limitations of Pearson’s Linear Correlation
(i) It Measures Only Linear Relationships
Pearson’s correlation measures only linear relationships.
If the relationship between variables is non-linear (but monotonic), Pearson’s coefficient may underestimate the strength of association or even suggest no relationship. 

(ii) It Requires Quantitative and Continuous Data
Pearson’s correlation is appropriate only when variables are:
· Quantitative
· Continuous
· Measured on interval or ratio scale
It is not suitable for ordinal or ranked data.

(ii) It Is Sensitive to Extreme Values (Outliers)
Pearson’s correlation is highly sensitive to outliers.
A single extreme observation can significantly distort the value of the coefficient and lead to misleading conclusions.
Spearman’s rank correlation overcomes these limitations, because:
· It measures monotonic relationships, not only strictly linear ones.
· It is less sensitive to outliers, since it uses ranks rather than actual numerical values.
· The use of ranks makes it suitable for ordinal data as well as non-normally distributed variables.

A monotonic relationship is a relationship between two variables in which one variable consistently increases or decreases as the other variable changes (increases or decreases), but not necessarily at a constant rate. Linear relationships are a special case of monotonic relationships.

[bookmark: _Hlk189497281]2.2.2 Measuring non-linear correlation

Spearman’s rank correlation coefficient
Pearson’s correlation coefficient is used when the variables under study are quantitatively measured, and continuous in nature. However, if the variables are qualitatively measured e.g.  Performance, preferences, choices etc, we use Spearman’s rank correlation coefficient.
Spearman’s rank correlation is a non-parametric measure of the strength and direction of association between two ranked variables. Unlike Pearson’s, it does not require the relationship to be linear. It’s based on ranks (not the actual values), so it is less sensitive to outliers. It can be used for ordinal data (ranked data) as well as continuous data.
Example: Suppose we would like to examine students based on their performance in two different subjects. If we rank the scores and want to measure the degree to which the ranking is similar, this nature of association between the ranked performance can be measured using Spearman’s rank correlation coefficient. It is expressed as:
 where d = difference in ranks, and n is the sample size.
We compute r as: 
	Student ID
	Score in E (Y)
	Score in BE
(X)
	Rank Y
	Rank X
	d
	d2

	1
	28
	25
	1
	3
	-2
	4

	2
	15
	17
	4
	5
	-1
	1

	3
	25
	26
	3
	2
	1
	1

	4
	27
	27
	2
	1
	1
	1

	5
	10
	20
	5
	4
	1
	1

	Sums 
	105
	115
	
	
	
	8



 


Interpretation: For   there is a moderately high positive monotonic relationship between performances in E and performance in BE.
Example 2: Spearman’s Rank Correlation with Ordinal Data- No ties
Research Question
Is there a relationship between perceived service quality and customer satisfaction?
(Responses are on a 5-point Likert scale.)
Likert categories (coding)
	Category
	Rank

	Very Poor
	1

	Poor
	2

	Fair
	3

	Good
	4

	Excellent
	5



	Respondent
	Service Quality (X)
	Satisfaction (Y)
	Rank Y
	Rank X
	d
	d²

	1
	Good
	Very poor
	4
	1
	3
	9

	2
	Excellent
	Excellent
	5
	5
	0
	0

	3
	Fair
	Good
	3
	4
	-1
	1

	4
	Poor 
	Fair
	2
	3
	-1
	1

	5
	Very Poor
	Poor
	1
	2
	-1
	1

	
	
	
	
	
	
	∑ d²=12



Spearman’s coefficient



Interpretation
There is a moderate positive monotonic relationship between service quality and satisfaction (as quality improves, satisfaction tends to improve, though not strongly).












Example 3: with ties
When two or more values are the same (ties), we cannot give them different ranks fairly.
So we give all tied values the average of the ranks they would have taken.
	Respondent
obs
	Service Quality (X)
	Satisfaction (Y)
	Rank X
	Rank Y

	1
	Excellent
	Excellent
	5
	5

	2
	Very Good
	Excellent
	4
	5

	3
	Very Good
	Very Good
	4
	4

	4
	Good
	Good
	3
	3

	5
	Fair
	Fair
	2
	2

	6
	Fair
	Poor
	2
	1

	7
	Poor
	Fair
	1
	2

	
	
	
	
	



Handling the ties
Tie at X = 2
The two “2”s would occupy ranks 2 and 3. So each gets the average rank:

Tie at X = 4
The two “4”s would occupy ranks 5 and 6. So each gets:

	
	Variable rank
	Rank position X
	Rank order X
	Rank position Y
	Rank order Y

	Poor
	1
	1
	1
	1
	1

	Fair
	2
	2 and 3
	(2+3)/2 = 2.5
	2 and 3
	(2+3)/2 =2.5

	Good
	3
	4
	4
	4
	4

	Very Good
	4
	5 and 6
	(5+6)/2 = 5.5
	5
	5

	Excellent
	5
	7
	 7
	6 and 7
	 (6+7)/2=6.5



	Respondent
obs
	Service Quality (X)
	Satisfaction (Y)
	Rank X
	Rank Y
	Rank X
	Rank Y
	d
	d²

	1
	Excellent
	Excellent
	5
	5
	7
	6.5
	0.5
	0.25

	2
	Very Good
	Excellent
	4
	5
	4.5
	6.5
	-2
	1

	3
	Very Good
	Very Good
	4
	4
	4.5
	5
	-0.5
	0.25

	4
	Good
	Good
	3
	3
	4
	4
	0
	0

	5
	Fair
	Fair
	2
	2
	2.5
	2.5
	0
	0

	6
	Fair
	Poor
	2
	1
	2.5
	1
	1.5
	2.25

	7
	Poor
	Fair
	1
	2
	1
	2.5
	-1.5
	2.25

	
	
	
	
	
	
	
	
	∑ d²=6



Spearman’s correlation coeffient
Where:
· 
· 




General Limitation of All Correlation Measures
Correlation Does Not Imply Causation
Both Pearson’s and Spearman’s correlation coefficients measure the strength and direction of association between variables. However, they do not establish a cause-and-effect relationship. In other words, they do not measure causation.
 
Causation is a relationship in which a change in one variable directly produces a change in another variable. If X causes Y, then changes in X bring about changes in Y.

Even when the correlation is very high, it does not necessarily mean that one variable causes the other.
A strong correlation may arise because the following:
1. X causes Y. This is a case of true causation. A change in X directly produces a change in Y.
Example:
Education and income are positively correlated.
But if more education actually increases skills and productivity, leading to higher income, then causes Y, .  However, despite this possibility, correlation alone cannot prove this without additional evidence.

2. Y causes X. This is a case of reverse causality
Here, causation exists, but in the opposite direction from what is assumed. We may observe that X and Y are correlated and assume that X causes Y, . But in reality, when it Y that causes X, .
Example. If there is a correlation between income and education, we might think education increases income. But higher income may also allow individuals to afford more education. Thus, the direction of causation may be reversed.

3. Mutual causation, where X and Y influence each other simultaneously.

Example:
Investment and economic growth are positively correlated.
Investment stimulates growth, but at the same time Economic growth can encourage more investment. Because both affect each other, correlation alone cannot isolate the primary cause.

4. A third variable or confounding variable (Z) influences both X and Y,  and 
But when there is no direct causal link between X and Y.
Example: Ice cream sales and drowning may be positively correlated.
Hot weather increases:
Ice cream sales, and
Swimming activity, which increases drowning risk.
The correlation is driven by temperature, not by a direct relationship between ice cream and drowning.

5. Spurious (chance) correlation.
Here, the correlation arises purely by coincidence.
There is no causal connection and no meaningful third variable explanation.
Example:
Over time, both global internet usage and number of movies produced may increase.
They may show high correlation simply because both trend upward, not because one causes the other.
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