Topic: ALGEBRA
Introduction 
Algebra is the branch of mathematics that deals with representation of problems or situations in the form of mathematical expressions. It involves expression of situations with variables like x, y, z and mathematical expressions like addition, subtraction, multiplication and division to form meaningful mathematical expressions. All branches of mathematics such as trigonometry, calculus, coordinates, geometry etc involve the use of algebra. 
Algebra deals with symbols and these symbols are related to each other with the help of operators. It is not just a mathematical concept but a skill that we use in our daily life.
Real numbers 
A real number is any number that can be written as a decimal. It can be positive, negative or zero. A real number can be represented by a decimal fraction (or simply decimal), finite or infinite. The set of all real numbers is denoted by R. All real numbers are categorized into two classes: rational numbers and irrational numbers
Rational Numbers
A rational number is a real number that can be written as a fraction (ratio) , where m and n are integers and n is a non-zero number. Real numbers can be natural numbers, a whole number, a decimal, or an integer, fractions, terminating and recurring decimals etc eg  ,   = 0.3333….,  etc
The rational numbers form an infinite countable set. The set of all rational numbers is everywhere dense. This means that, for any two distinct rational numbers a and b such that a < b, there exists at least one more rational number c such that a < c < b, and hence there are infinitely many rational numbers between a and b. (Between any two rational numbers, there always exist irrational numbers.)
Irrational numbers 
Irrational numbers are the set of real numbers that cannot be expressed in the form of a fraction p/q where 'p' and 'q' are integers and the denominator 'q' is not equal to zero (q≠0.). For example, π (pi) is an irrational number. π = 3.14159265...In this case, the decimal value never ends at any point. Therefore, numbers like √2, -√7, and so on are irrational numbers. The set of irrational numbers is everywhere dense, which means that between any two distinct irrational numbers, there are both rational and irrational numbers. The set of irrational numbers is uncountable.
Symbol of Real Numbers (Subsets of real numbers)
· Natural numbers (N): All positive counting numbers make the set of natural numbers, N = {1, 2, 3, ...}
· Whole numbers (W): The set of natural numbers along with 0 represents the set of whole numbers. W = {0, 1, 2, 3, ..}
· Integers (Z): All positive counting numbers, negative numbers, and zero make up the set of integers. Z = {..., -3, -2, -1, 0, 1, 2, 3, ...}
· [bookmark: _Hlk99960082]Rational numbers (Q): Numbers that can be written in the form of a fraction p/q, where 'p' and 'q' are integers and 'q' is not equal to zero are rational numbers. Q = {-3, 0, -6, 5/6, 3.23}
· [bookmark: _Hlk99960105]Irrational numbers: The numbers that are square roots of positive rational numbers, cube roots of rational numbers, etc., such as √2, come under the set of irrational numbers. ( ) = {√2, -√6}
Note: Among these sets, the sets N, W, and Z are the subsets of Q. 
PROPERTIES OF REAL NUMBERS 
The basic operations of the number system are addition and multiplication. Each of these operations is called a binary operation because it pairs any two real numbers with a third real number. The properties of these operations in real numbers all stem from a few basic statements, called axioms or postulates, statements that are assumed to be true
i) Commutative properties. This allows you to add or multiply numbers in any order eg     a + b = b+ a , ab = ba		 
ii) [bookmark: _Hlk99960282]Associative properties; allows you to change the way in which group quantities can be added or multiplied ie; a + b) + c =a + (b + c)  
Note: There are no associative properties for either subtraction or division. For example, 9-6-1, 9-(6-1) is wrong
iii) Distributive properties tie together, multiplication and addition (or subtraction).
a(b+c) = ab + ac, a(b-c) = ab- ac 
iv) Identity properties single out two special numbers 0 and 1 on addition and multiplication 
v) Inverse properties.  Every number a has a unique opposite or negative –a such that a + (-a)  0 (inverse property for addition). In addition, every number a  0 has a unique reciprocal  such that a.   1, (inverse property for multiplication).
Fractions 
When 2 is divided by 3, it may be written as or 2/3.  This expression is called a fraction. The number above the line, i.e. 2, is called the numerator and the number below the line, i.e. 3, is called the denominator
Proper fraction: This is where the value of the numerator is less than the value of the denominator, eg 
Improper fraction: This is when the value of the numerator is greater than the denominator, eg   and can also be expressed as a mixed number, that is, an integer and a proper fraction. Thus, the improper fraction   is equal to the mixed number 1
When a fraction is simplified by dividing the numerator and denominator by the same number, the process is called cancelling. Cancelling by 0 is not permissible.
a) Simplify  + 
b) Find the value of 3 − 2 
c) Determine the value of 4  - 3 + 1 
d) Simplify  ÷ 
e) Find the value of 5  ÷ 7
f) Simplify   −   ÷ 
g) Determine the value of  of + 5  ÷  − 
h) If a storage tank is holding 450 litres when it is three-quarters full, how much will it contain when it is two-thirds full?
i) Three people, P, Q and R contribute to a fund. P provides 3/5 of the total, Q provides 2/3 of the remainder, and R provides £10. Determine (a) the total of the fund, (b) the contributions of P and Q.


Decimals
[bookmark: _Hlk99960395][bookmark: _Hlk99960435][bookmark: _Hlk99960466]The decimal system of numbers is based on the digits 0 to 9. A number such as 53.17 is called a decimal fraction, a decimal point separating the integer part, i.e. 53, from the fractional part, i.e. 0.17. A number which can be expressed exactly as a decimal fraction is called a terminating decimal and those which cannot be expressed exactly as a decimal fraction are called non-terminating decimals.
Thus,  = 1.5 is a terminating decimal, but = 1.33333... is a non-terminating decimal. 1.33333... can be written as 1., called ‘one point-three recurring’.
Decimals to Fractions
The technique for converting decimals to fractions depends on whether the decimal is terminating, recurring or eventually recurring. A terminating decimal can be easily converted back to a fraction by using a denominator which is a power of 10
For example, 3.14 = 3 +  = 3 +   =  
Problems:
Convert the following into fractions 
a) 0.4375
b) 4.285
c) 0.2
d) 0.692
Ratio and proportion
The ratio of one quantity to another is a fraction, and is the number of times one quantity is contained in another quantity of the same kind. If one quantity is directly proportional to another, then as one quantity doubles, the other quantity also doubles. When a quantity is inversely proportional to another, then as one quantity doubles, the other quantity is halved.
Problems:
1. [bookmark: _Hlk99960525]A piece of timber 273 cm long is cut into three pieces in the ratio of 3 to 7 to 11. Determine the lengths of the three pieces
2. A gear wheel having 80 teeth is in mesh with a 25-tooth gear. What is the gear ratio?
3. An alloy is made up of metals A and B in the ratio 2.5: 1 by mass. How much of A has to be added to 6 kg of B to make the alloy?
4. If 3 people can complete a task in 4 hours, how long will it take 5 people to complete the same task, assuming the rate of work remains constant
Direct and inverse proportionality
An expression such as y = 3x contains two variables. For every value of x there is a corresponding value of y. The variable x is called the independent variable and y is called the dependent variable. When an increase or decrease in an independent variable leads to an increase or decrease of the same proportion in the dependent variable, this is termed direct proportion. If y = 3x then y is directly proportional to x, which may be written as y α x or y = kx, where k is called the coefficient of proportionality (in this case, k being equal to 3) eg Quantity Supplied of a commodity and the commodity’s price
[bookmark: _Hlk99960781]When an increase in an independent variable leads to a decrease of the same proportion in the dependent variable (or vice versa) this is termed inverse proportion. If y is inversely proportional to x, then y α  or y = k/x. Alternatively, k = xy, that is, for inverse proportionality the product of the variable is constant eg Quantity demanded of a commodity and the price of the commodity 
Illustration:
1. If y is directly proportional to x and y = 2.48 when x = 0.4, determine 
a) the coefficient of proportionality and 
b) the value of y when x = 0.65
2. If y is inversely proportional to x and y = 15.3 when x = 0.6, determine 
a) the coefficient of proportionality
b) the value of y when x is 1.5, and 
c) the value of x when y is 27.2
PERCENTAGES 
Percentages are used to give a common standard and are fractions having the number 100 as their denominators. For example, 25 per cent means 25/100 i.e. 1/4 and is written 25%
Problems 
a) Express as percentages: 1.875 , 0.0125, , 
1. It takes 50 minutes to machine a certain part. Using a new type of tool, the time can be reduced by 15%. Calculate the new time taken
2. Find 12.5% of £378
3. Express 25 minutes as a percentage of 2 hours, correct to the nearest 1%
4. A block of monel alloy consists of 70% nickel and 30% copper. If it contains 88.2 g of nickel, determine the mass of copper in the block.
INDICES 
An index is the power to which a number is raised. It how many times you have to multiply the number by itself. For example, 25 means that you have to multiply 2 by itself five times = 2×2×2×2×2 = 32. When an index is an integer, it is called a power. Thus, 24 is called ‘two to the power of four’, and has a base of 2 and an index of 4
Reciprocal 
The reciprocal of a number is when the index is-1 and its value is given by 1 divided by the base. Thus, the reciprocal of 2 is 2−1 and its value is ½ or 0.5. Similarly, the reciprocal of 5 is 5−1 which means 1/5 or 0.2
Square root
The square root of a number is when the index is ½, and the square root of 2 is written as 2 ½   or √2. The value of a square root is the value of the base which when multiplied by itself gives the number. Since 3 × 3 = 9, then √9 = 3. However, (−3) × (−3) = 9, so √9 = −3. There are always two answers when finding the square root of a number and this is shown by putting both a + and a − sign in front of the answer to a square root problem. Thus √9 = ±3 and  = √4 = ±2, and so on
Laws of indices
When simplifying calculations involving indices, certain basic rules or laws can be applied, called the laws of indices. These are given below
i) am x an = a m+n
Examples eg: 32 × 34 , 54 × 5-2, 32 × 34 × 3, a1/2b2c−2 × a1/6b1/2c
ii) am  an = a m-n
Examples eg: 39 ÷ 34 , 72 ÷ 75, 5 
iii) (am )n = a mn
iv)   =  eg 161/2 = √16 = 4, 1252/3:
v)  =  = m
vi) a-n =    Eg 2-3 = 1/23 = 1/8, 3-1 = 1/3

vii) (ab)n = (anbn)
viii) n = 
Further questions 
1. Simplify the following 52 × 53 ÷ 54 , (3 × 35) ÷ (32 × 33), (102) 3 / 104 × 102
a) Evaluate:   , , 
b) Simplify   
ALGEBRAIC OPERATIONS 
Algebra is that part of mathematics in which the relations and properties of numbers are investigated by means of general symbols. For example, the area of a rectangle is found by multiplying the length by the breadth, this is expressed algebraically as A = l × b
The basic laws introduced in arithmetic are generalized in algebra. Let a, b, c and d represent any four numbers. Then;
i) a + (b + c) = (a + b) + c 
ii) a(bc) = (ab)c 
iii) a + b = b + a
iv) ab = ba 
v) a(b + c) = ab + ac 
vi)  =  +  
vii) (a + b)(c + d) = ac + ad + bc + bd
Illustration 
1. Evaluate: 3ab − 2bc + abc when a = 1, b = 3 and c = 5 
2. Find the value of 4p2qr3 , given the p = 2, q = ½ and r = 1 ½
3. Evaluate 3pq3r3 when p =  , q = −2 and r = −1
4. Find the sum of 4a, 3b, c, −2a, −5b and 6c
5. Simplify (x − 2y + 5z)- (2x + 3y − 4z),  − 4a − 3c) -(  a −  + c ) (2a + 3b)( a + b), (3x − 2y2 + 4xy ) (2x − 5y), 2p ÷ 8pq
6. Simplify:  and evaluate when a = 3, b = 1/8 and c = 2
7. Simplify:  and evaluate when p = 16, q = 9 and r = 4, taking positive roots only
Brackets and Factorisation
When two or more terms in an algebraic expression contain a common factor, then this factor can be shown outside of a bracket. For example ab + ac = a(b + c) and 6px + 2py − 4pz = 2p(3x + y − 2z
Illustration 
a) Simplify the expressions: (3a + b) + 2(b + c) − 4(c + d), a2 − (2a − ab) − a(3b + a), (a + b)(a − b), (3x − 3y) 2, 2a − [3{2(4a − b) − 5(a + 2b)} + 4a], x(2x − 4y) − 2x(4x + y)
b) Factorise the following: (a) xy − 3xz, 4a2 + 16ab3, 3a2b − 6ab2 + 15ab, 2ax − 3ay + 2bx − 3by
Fundamental laws and precedence
The laws of precedence which apply to arithmetic also apply to algebraic expressions. The order is Brackets, Of, Division, Multiplication, Addition and Subtraction (i.e. BODMAS).
Simplify the following: 
2a + 5a × 3a – a, a ÷ 5a + 2a − 3a, a ÷ (5a + 2a) − 3a, 3c + 2c × 4c + c ÷ 5c − 8c, 3c + 2c × 4c + c ÷ (5c − 8c)
THE END
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